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ABSTRACT

This paper considers canonical forms for the similarity action of Gl(n) on
2, m={(A,B)eC™" " XC"" ™}

Gi(n)XZ, n= 2,

(H,(A,B))~ (HAH ', HB) (*)

Those canonical forms are obtained as an application of a more general method to
select canonical elements M, in the orbits 0, of a matrix group G acting on a set of
matrices M c C!'P. We define a total order (<) on C'?, different from the

l 1
lexicographic order < [0 <x « x <0, but 0 <x « x =0 for x €R] and consider

normalized O,,-elements with a minimal number of parameters:

min{M € 0, M normalized} .
-~

It is shown that the row and column echelon forms, the Jordan canonical form, and
“nice” control canonical forms for reachable (A, B)-pairs have a homogeneous
interpretation as such ( < )-minimal orbit elements. Moreover new canonical forms for
the general action ( <) are determined via this method.

1. INTRODUCTION

Time-invariant linear systems in the state-space description,
x(t) = Ax(t)+ Bu(t) (1.1)
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or

x(k+1)= Ax(k)+ Bu(k), (1.2)
are usually identified with elements (A, B) of the affine spaces
2n,m:ZGJ],Ln,nXGJ],Ln,m’ (13)

where I, . denotes the space of all n X m matrices with entries in the
complex field! C, n and m are in N. Pairs (A, B) belonging to the same orbit
S (. py of the natural Gl(n)-action

Gl(n)xZ, .~ =

(1.4)
(H,(A,B))H(HAHfl, HB)

are called similar.
A canonical formon 2, | isamap c:2, , — 2 with the properties

(A, B)ES 4 5, (1.5)
(A, B)=c(A,B) = S.45=54i5- (1.6)

These canonical forms are investigated in the following special cases:

(i) x(t)= Ax(t), B=0. For completely uncontrollable (free) systems
(1.4) reduces to the similarity action on square matrices

Gl(n)X@K"," =My, >
(1.7)

(H,A)— HAH .

The orbits &, are parametrized by the Jordan canonical form.

! Throughout this paper we restrict ourselves to the field C of complex numbers. The main
reason is to avoid the real Jordan canonical form in later sections. The paper can be easily
extended to R or to ordered fields.
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(ii) #(¢)= Bu(t), A=0. For integrators (1.4) coincides with row opera-
tions

Gl(n)xXM, ,, =M, .

(1.8)
(H, B)— HB.
The orbits R ; contain canonical row echelon matrices (see Section 2).

(i) #(¢)= Ax(t)+ Bu(t) with rank[B AB --- A" 'B]=n. Various
canonical forms have been proposed in the literature (e.g. Popov [10], Mayne
[9], Weinert and Anton [14}, Denham [3], Rissanen [12]) for the similarity
action on the space of reachable (A, B)-pairs:

st :={(A,B)eZ, ,:rank[B AB --- A""'B]=n). (L9)

In particular it was observed that most of the so-called standard or canonical
forms presented in earlier publications (Brunovsky [1], Luenberger [8],
Rosenbrock [13]) do not satisfy the requirements of the above definition (cf.
[10, 3]). Hazewinkel and Kalman [5] showed that there does not exist a
continuous global canonical form for 27 | . This result also destroys any hope
of finding those canonical forms for £, , itself. However, this should not
prejudice the investigation of global canonical forms for X | . As the Jordan
canonical form for single matrices illustrates, global canonical forms may be
very useful without being continuous.

So far as we know, there is only one paper treating the nonreachable case.
Byrnes and Gauger [2] do so for scalar systems (m =1) a canonical form
(YA,’b) with 'A in Jordan canonical form and b € (0,1)". However, their
result contains an error with respect to the number of l-entries in 'b (see
Section 5). Moreover, there is no obvious way to generalize their approach to
multivariable systems (m > 1). In this paper we establish such a generaliza-
tion as an application of a more general method to derive canonical forms for
matrix orbits.

Let § X 9 — 9 be any action of a group 9 of matrices on a set I of
n X m matrices. A general principle for singling out canonical elements M in
the orbits O,,, M €9, of such an action is to reduce the number of
parameters of the orbit elements as much as possible. This can be achieved
systematically by applying the following total order ( <): Let x,y € R,
k € N. Define the leading index and the leading coordinate of x by

I(x): = {max{z;xi==0) if x=0, (1.10)
0 if x=0,
_[xyy i x=0,
X = 1.11
’ {1 if x=0. (L)
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The order ( <) is defined as follows:

xl(x,y)__—o or

x <y

ExampLE 1.1.

xl(x*y)io N Xioy) < Yuz-y)-

0 1
3 0 e =
= 9 because x;,_,,=x,=0,
0 -1
[0 0
3 3 =
Y because x;,_,,=x3=0,
1 1
0 0
3 4 - -
0 <10 because x;,_,,=3 <y;,-,=4
1 1

(1.12)

l .
( <) coincides with the lexicographic order ( < ) on R" if we modify the

usual order on R by

0<x = xeR\{0}

and

x<y o x<y for x,y<R\{0},

i.e., define O to be the smallest real number.
Identifying a + bi € C with

(Fes

a

we can apply the order (<) also to C*, k €N. In order to apply ( <) to
n X m matrices A we have to identify the matrices in some way with
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nm-column vectors. Among all possibilities we select the following column-
wise and rowwise procedures:2

A<A o N IS N (1.13)

A<A e : < : , (1.14)

respectively.
The simplest idea to obtain canonical elements for the above mentioned
matrix orbits O, is to consider

min{ME (‘)M}.

4

But in general those elements do not exist. However, normalizing a sufficient
number of parameters for the 0,, elements we in general obtain uniquely
determined ( < )-minimal orbit elements.

To determine those elements we can proceed in most cases in two steps.
Apply first the screen function

0 if x=0,

1 if x,+=0 (1.16)

w:C* - {0, 1}*, w(x)i:={

to the orbit ©,,, and determine the minimum

w* = min{w(M): M€ 0,,).

c

Because ( <) is a total order and (0, 1)* is finite, this minimum exists. The

2Throughout this paper matrices are denoted by capital letters. m/ denotes the jth column,
m, the ith row, and m{ the (i, j)th entry of the matrix M.
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associated subset ©: = (M€ {,,: o(M)= w*} contains in general many ele-
ments, but from the particular group action it is often clear how canonical
elements in £ can be maintained by normalizing certain entries of the
Q-elements.
Proceeding in this way, we derive in Sections 2, 3, and 4 ( < )-characteri-
zations of the echelon forms, the nice control canonical forms for 2 > and

he Jordan canonical form In Section 5 we drop the reachablllty assumption
and derive Jordan canonical pairs (/A,’B) for £, . /Gl(n). The ’B-matrices

ara ahtainad ag narmalized ¢ < Lminimal nlnmnv.hv of the arhite of tha
4al€ O0wWINia as NorMalzea \ < FIiids SeMents O uie O10Is ()’(A B) 01 tne

action Stab(‘A)x I, M, » (H,B)— HB. Finally in Section 6 we
combine the nice control canonlcal forms with the Jordan canonical form and
obtain composite canonical orbit elements of the form

Bl
0 >

where (A,, B,) is a nice control canonical form for the reachable subsystem of
(A, B), A, is in Jordan canonical form, and A, is somehow canonically fixed
with a few parameters.

It should be mentioned that the emphasis of this paper lies on the unifying
concept of the order ( <), ie., to demonstrate that apparently different
canonical forms can be given a homogeneous interpretation as normalized
( < )minimal elements. However, besides interpretations of known canonical
forms in terms of ( <), also new canonical forms for the general Gl(n )-action
on X, are derived with the help of ( <).

Al A2
0 Al

2. ECHELON FORMS

Let A€ 9L, ,,, rank A =r. Row operations A~ LA and combinations
with column operations A — LAR can be interpreted as group actions

GXM, =M, s (2.1)
where G stands for Gl(m) or Gl(m)XGl(n). It is well known that the

associated orbits R, and @R , contain canonical echelon matrices “A and
CRA of the form

A= [A(Gl)’A(ofl)""’A(or)] (2.2)
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with

K 0 0]
0
A(O’,-)= % % 1
* * 0
r—i+1,
-* * 0_ (23)
[0 0 0 0 0
A(o,) = :
'( ) . 0 O 0
+ ... *x 1 0 0
and
0 =Y, Yi-1»
(2.4)
Y0:=0,
where
rank[al,...,a“"‘] =i, (2.5)
rank[al,...,a7‘+1]=i+1 for i=0,....,r—1; (2.6)
and
!
0, l ’
CRA = | Trmmr K : (2.7)
1
(—)n:r_m:r l Bn_—r_r S

The ( < )interpretation of these forms is as follows:
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ProposiTiON 2.1.1.

RA = mm{AE?R :(g;),=1forien}, (2.8)

T

CRA = min{A€ CR ,: ('), =1 fori € m). (2.9)

c

Proof. The echelon forms #A and %A fulfill the normalizability condi-
tions (%a,), =1, (“*a');=(“"a,); = 1. The uniqueness of the echelon forms
implies that any normalized A with A < BA has at least one O-entry in a
position where BA has a leading 1 and the same fixed O-block above the
associated row. But then the rank conditions (2.4)—(2.6) applied to A would
generate a family (4,,...,8,) different from (oy,...,0,). But (0,,...,0,) is an
orbit invariant; hence such an A cannot exist. Equation (2.9) is proved
completely analogously. [ ]

Let x € C* and

min{i,x; =0) if x=0,

2.10
0 if x=0, ( )

s(x):={
if x=0,

2.11
if x=0. ( )

()= { 10

Exchanging < and < and replacing (x), by (x), in (2.8) and (2.9), the

resulting minimal elements

RA=m<in{AE%A:(cii)s=l for ien), (2.12)
C
CHA=m<in<AEG@lA:(di)S=1 for i<m) (2.13)

again exist and are uniquely determined. The explicit characterizations of
these second echelon forms are

wA=[A(6,), A(dy).....A6,)] (2.14)
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with 6, =g, fori=1,...,r and

[0 * ... =]
T l
A(61)= 1 * . * for 1>1,
0o -+ 0
[0 O 0|
K 0 1 * *
X 0 0 0 0
A(Ul)—
LO 0O 0 0 0
and
O‘n—f r : On—r,m—r
1 G
A= (2.15)
o : Or,m-r
11

3. CONTROL CANONICAL FORMS FOR REACHABLE (A, B)-PAIRS

In order to obtain canonical forms for the similarity orbits of (A, B)-pairs,
we have to consider the actions

A- HAH ' and B~ HB

simultaneously. Replacing the pairs (A, B) € 2! by the reachability matrix
A(A,B):=[B --- A'B], (3.1)

we can avoid this difficulty in the reachable case.
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The similarity action induces row operations on R.(A, B):
R(HAH ', HB)=H%.(A, B) VH eGl(n), (3.2)

and because rank Q. (A, B)=n, we can construct basis matrices of C”,
selecting certain independent columns of R.(A, B) such that the associated
representations of A and B define canonical elements in the orbits S, p,. Let
m,neENm,n>1,m={(1,...,m}, and n={0,1,...,n}. A subset o CAX m is
called nice if

(i,j)€o = (i—1,j)€oo0ri=0  foralli,j (3.3)

A nice subset with precisely n elements is called a nice selection. Let
o(A, B) denote the matrix obtained from ®.(A, B) by removing all columns
A'bJ whose index (i, j) is not in o. For reachable pairs (A, B) belonging to the
subset

R°:={(A,B)eZ  :ranke(A,B)=n), (3.4)

one particular well-defined element in the orbit S( 4, is obtained by the
assignment

(4.B)~(A(0),B(0)): =(o(A,B) "Ac(A, B),0(4,B) 'B).
(3.5)

However, this way a particular nice selection o covers only the subset
R° C Z7, ,,, and additional procedures generating all nice selections covering
the complete space X7 , are required (see M. Hazewinkel [4] and M.
Hazewinkel and R. E. Kalman [5] for details).

In [7] a procedure is described which assigns to every pair (A, B) a
unique nice selection o generated from a nice order of X m.

DEeFINITION 3.1, A relation of total order = on n X m is called nice if

i<k = (i,j)c(k,j) for jem, (3.6)

(k,)c(i,j) = (k+1),)c(i+1,§) for k,i<n. (3.7)

A nice order C can be represented graphically by a nice pddl through an
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(n +1)X m array of points as follows.

(1) Nice:
]
* - * * - *
y i_——J l——J
i * - * * — *
* — * * — *
(2) Not nice:
* — * * - *
i i
«— * * «— *
) )
* - * * - *
(3) (Left) Hermite path:
* * * *
{ { { {
* * * *
) ) ) )
* * -Il- *
(4) (Left) Kronecker path:
* «— * «— * «— *
- 1
* «— * «— * «— *
' 1
* «— * «— * «— *

With every nice order C and pair (A, B)€ 2] _ is associated the following
modified Rosenbrock deletion procedure: Delete in the family (A*b? N, e axm
ordered by C, every vector A'b! which is linearly dependent upon ifs
predecessors. By (3.6) and the Cayley-Hamilton theorem all vectors A"bJ,
j € m, are deleted. By (3.7) the deletion of A'b/ implies the deletion of A'**bi
for k = 0. Therefore the result of the deletion procedure is a nice selection
o C nX m with the property rank o( A, B) = n.
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We describe the canonical forms (3.5) associated to these nice orders in
terms of the ( < )-order. For this let @, = [w! -+ w"*™] be the n X(n +
m) matrix whose columns w* are the vectors A‘bf j€m and i € G, ordered
according to C. Further let @, ; =[#%' --- "] be formed by those columns
A'bJ of @, for which i > 1. For example, if

Qs=[p' AP B2 ABE B AK® A BP]
then

Qp=[Aap' AR AB® A%B%].

Define the (n + m)-permutation matrix II(¢) by

wo) = |, B owh (3.8)
e’ if w' ="
Prorosrtion 3.2. For every nice order (C) on X m and every pair
(A, B)e 2! we have

(B(o), A(6))TI(0) = min (M & Rg,,:(m)), =1for jen). (39)

Proof. (A(0), B(6)) and (A, B) are similar; hence there exists some
H € Gl(n) such that AR (A(o), B(o)) = R(A, B). Applying T to
R (A(0), B(0)) and R(A, B), we obtain matrices 1,5 and {,4,p(,)> r€spec-
tively, formed by the columns of R.(A, B) and R (A(e), B(o)) with the same
column indices. Hence Q. p(,) = H45. But the columns A(o)’ ‘b(a ),
i <0, of Q) are C" unit vectors, and the columns A(0)°b(0)! are
linearly dependent of their predecessors in 24, B(o): This implies [in view of
the conditions (2.12) and (2.13)] that €, )z, is already in second echelon
form. But by construction of II(¢) we bave Q4 ;5= (B(0), A(o))II(0).
From the uniqueness of the echelon forms and the characterization (2.12) we
finally deduce the formula (3.9). ]

ExampLE 3.3. Let

1 3 0 -1 0 1 0 2
0 5 1 -4 0 0 0 1
A=|1 0 -1 —-1 —1]| and B=|4 0 4
0 1 0 -1 0 1 0 0
2 0 0 0 0 0 1 2
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The deletion procedure associated to the Hermite order

o> B b

N l l
Ab! Ab® Ab3
i) l i)
A%p! A?p? A?%p?
{ { {
Ap! A3h? A3p®
l l l
A'p? A'b? A'p?
1) l i
A5b1 ] A5b2 _ ASb.’}

generates the Hermite list (0, 0,5, 03) = (2,3,0) and the basis matrix

o(A,B)=[p' AW B2 AB® A%2]

1 0 o 0 0
0 00 o0 -}
=14 -4 0 -} L
0o -1 0 0 0
1 2 1 0 0
The canonical form is given by
01 0 0 -3
o 1 00 0 -1
A(o)=o(A,B) "Ao(A,B)=|0 0 0 0 2|
0 01 O 1
0 0 0 1 4

B(c)=0(A,B) 'B=

OO -
co—oO
!

[\
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From
Qap=1[b' AB! A2B' b2 ADE A% APH®  BP]
‘1 o010 o o -3 2]
0 0 0 0 0 -4 -2 1
=14 -4 4 0 -1 L _—1 4
1 -1 1.0 0o o0 -i o0
0 2 01 0 0 0 2
we obtain

vt
o

H(U)z[el et e’ e e &7 8 eg],

Q

and it is easily checked that

1 01000 -3 2
01 0 0 0 0 -1 2
(B(o), A(e))I(o)=10 0 0 1 0 0 2 -2
0 0 0 0 1 0 1 6
0O 0 0 0 0 1 4 -2
coincides with the second row echelon form of Q5.
4. THE JORDAN CANONICAL FORM
Let A€ 9N, ., and let (s — A;)"4, where
(i.))el(A):={(i,j)enxnsics A je 1], (4.1)
be the elementary divisors of A ordered according to
A <Ay <--- <A, (4.2)
Ny 2Ny 20 2Ny, (4.3)

J(A, m) denotes the m X m Jordan block with A’s on the diagonal, 1’s on the
superdiagonal, and 0’s elsewhere, and

A= @ ®J(A.n,) (4.4)

i=1j=1

is the Jordan canonical form of A.
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To interpret /A as a certain normalized minimal element of the orbit 5, of
the similarity action

Gl(n)xM, , =M, ..
(4.5)
(H,A)— HAH,

we adapt JA to the order ( <). For this we permute the columns and rows of
/A so that the resulting matrix J.(A) has the property

J.(A) = min {P/APT: P an n X n permutation matrix}. (4.6)
<

c

ExampLE 4.1.

]A=](AI,S)@](ADZ)@](Az,Z)@](A2,2) (A, <Ay)

- |
| | )
A, 1O | | :
0 A, 1 0 o0 1+ 0
0 0 A '. 'I
e NI
0 AL [ ’
—— - — = S - -
! Ay 1
0 | 0 | 0 A ] 0
o F R
i 0 0 0 A,
A 001 0 0 |
0 A, O 1 0.
|
0 0 A 0 1, 05,
0 0 0 A, 0
J{A)=10 0 0o 0o A
_________ TA 01
O35 : 0 A, O
L L0 0 Ay |
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We need the following notation: For x € R let

- [max{iix, =0 A< I(x)},

plx): = {0 if x,=0 fori<lI(x), (47)
RS if p(x)=0,
Tor T {1 if p(x)=0. (48)
For matrices A€ M, let

v(A): = min{¢: a' = 0}, (4.9)
{(A): = max{j: aY® =0}, (4.10)
I(A): =(§(A),v(A)), (4.11)
(A);: =a}). (4.12)

THEOREM 4.2.

J(A)=min{Ae€§,:(d),=1foricn).

c

Proof.
J(A)eEN,:={Aes,:(d),=1foricn)

because ],’,‘ € {0, 1) for k = p. Minimal elements with respect to total orders are
unique; hence it suffices to show

A=J(A) VAeN,. (4.13)

Assume that there exist elements A€ 9, with A <J(A). Choose A=
HI(A)H! € 9, with ‘

A-J(A) =¢.7)"
=mm{ (A-1.(4)

. AN, AA<T(A)).
Y(A_]C(A) 4 ¢

(4.14)
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Consider the columns 4", §¥, and assume:

Case I: @, < jy=:A. The ordering A; <A, <--- <A, of the eigenval-
ues of A in J,(A) implies

Ker(J(A)—avl,)" c[ée*,....e" ]c. (4.15)
From @ = j' fori=1,...,y — 1 and (4.15) we conclude
(A-a)ere[e,....e" ¢
and
Ker(4—a,1,)" > Ker(J,(4) - a1,)".
But
dimcKer(A—a71,)" = dim¢ (J(A)—ayl,)"

then implies

Ker(J(A)—a,1,)" = Ker(A~— a“VyIn)",

v
and hence there exists a vector z € [el,...,eY "] such that
(A—a”yy)(e”+ z)EKer(A—a”’y)n,
and from
(e¥+ z)eKer(A—d’;)" clel,....em ¢

we obtain the contradiction e” € [¢',...,e7 " !]¢.
Case II: @,=j7=:A Then the column j" necessarily contains an off-
diagonal l-entry jJ, ¢ <7, and we have

Ker(L(A)—AL)c[el,....,e” e, . (4.16)
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similarly to case I. The equality @ = j' for i =1,...,y — 1 now implies
Ker(I(A) — AI,)=Ker( A—AL,). (4.17)

With (4.16) and (4.17) it is clear that @ necessarily has nonzero entries @,
j=v. Let

p-1
AeY=Ne"+ e’ + Y. ate’, (4.18)
j=1

and assume that p < q and p is small enough that e? intersects a Jordan block
J(j7) with an eigenvalue j” <A. Then (A= AL):[eh....ePle = [els....e”]e

is a linear bijection, and hence there exists a vector z € [¢!,... ,e”] ¢ such that
p—1
(A— Aln)z =e?+ Y ave’.
j=1

With (4.18) we obtain

(A= A1) (e"—2z)=0,

contradicting Ker(A— AL ) C[e,...,e" ]c.

If finally e” intersects the same Jordan block J(A) as e”, we have to
distinguish the following cases:

(a) the row j, contains an off-diagonal l-entry,

(b) j,=(0,...,0, 7 =,0,...,0)".

In case (a) there exists a unit vector e’ such that (A—AI )e" =e”.
Replacing ¢” by &Y= B(eY — e¢") with

1 if dyj=0forj=l,...,p—1,
B=<1

d—ya if é&: =max<j€ p—1 :dyjsf:O} exists,

we obtain

5—1

- 1 .

Agt = re" + % + Z —el with & < p.
=
i=
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With

H: = [el,...,eV_l,éy,e"”,...,e"]
we obtain a new matrix A: = HAH '€ 9 4 with the properties

A <J(4), v(A)=v(4), ((A)=8<i(A)=p,

contradicting (4.14).

For case (b) let j, be the first row in J(A) following j, with an
off—dlagona] Lentry g Exchanging ¢” and ¢” in I,, we obtain a new matrix
I eGl(n)and I AT-! <] (A) with 'y(I Al7Yy=r < y(A)=1y, contradicting
again the mlnlmahty property (4.14) of A. ]

Remark 4.3. For J(A)=J(A) = min_ {(P/APT}: P an n X n permuta-

tion matrix}, we analogously obtain the interpretation as normalized row
minimal 5,-element:

J(A)=min{A€S,:(4,),=1fori € n) (4.19)

r

In both cases J(A) and J(A), the somewhat artificial normalizability condi-
tions (d'), =1 and (4, )o = L, respectively, are a consequence of the fact that
the simultaneous column and row scalings

1
— 0
hy 0 hy
A
0 B 0 1

leave the diagonal entries of A invariant. Hence in order to single out
minimal-parameter orbit elements we have to normalize free off-diagonal
parameters.

5. JORDAN CANONICAL FORMS FOR LINEAR SYSTEMS

A direct way to extend the canonical forms for single matrices to the
similarity action on pairs (A, BYE 2, | is to proceed as follows: Bring A into
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Jordan canonical form. Consider the action

Stab(YA)x O, , = M

n,m

(S,B)—SB
of the Jordan stabilizer group
Stab(’A) = {H € Gl(n): H/AH ' =/A).

Apply the order ( <) to the orbits g( . p) Of this action and derive a Jordan
row echelon form.

In an early paper Heymann [6] applied this idea to controllable systems
He derived an algorithm for the construction of Jordan canonical pairs
(YA,’B). However, his paper does not contain an explicit characterization of
these canonical pairs.

Bymnes and Gauger (2) applied the same idea to scalar systems (A, b) &€
=, and obtained canonical pairs (A,’b) with /b € (0,1)". But their result
requires a modification with respect to the number of l-entries in 'b. We
describe this modification in Lemma 5.2. In Theorem 5.1 the existence of a
minimal-parameter Jordan row echelon form is established for =, , n and m
arbitrary. Moreover, in special cases the resulting Jordan row echelon form
can be characterized solely in terms of the canonical matrices /B themselves.

Remember the notation I(B)= ({(B), y(B)) and (B), = bi{3) for the lead-
ing index and the leading entry of a matrix B € 9N, . Let further B(i, j) and
B(i) denote the submatrices of B corresponding to the Jordan blocks J(A;, n,;
and J(A,)= @;":1]0\1., n;;) of a Jordan canonical form /A in the pair (A, B).

TueoreM 5.1, For a given pair (A, B)EZ, | there exists exactly one
pair (A,’B) € §, 5, such that ‘A is of Jordan canonical form and:
(a) 'B is normalized, i.e.,
(‘B j)) =1 V(. j)eI(’A); (5.1)
(b) we have

'B<B (5.2)

S\

for all (A, B)e O(a. ) With A in Jordan canonical form and B normalized.
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Proof. Consider an element Bin § , p with

w(B)=m<in{w(1§):1§E ﬁ(A’B)}. (5.3)

c

Define an associated matrix Q € Gl(n) by

Q: = diag(Q;;) s e 1ay
Qi]‘: = dlag(q,], qi]',. "’qij) = CanU’

,={(B(i,j))z if (i,j)€I(A,B),
T it (i,j)eI(A,B).

We obtain ((Q™'B)(i, j)); =1 for all (i, )€ I(A, B) and Q~ VAQ='A. It
remains to show that /B:=Q 'B=<B for all B€$ , 5 for which the

property (5.1) holds. Assume that there exists a matrix S € Stab(/A) such that
= §/B fulfills (5.1) but B < /B. In order to show that this is not possible we

consider the elements S € S'Eab(]A): Every S is of the form S = diag(S,,...,S,),

where the S, € Stab(J(A,)) can be described by its t2 subblocks. The (k, I)th
subblock S,(k, 1) of S, is n;, X n;; and of the form

w, wy, w; - . CWw,,
0 w; Wy Wy, ~1
w, if n,=ny, (5.4)
wy
0
KU . . . . . 0 ]
0 - . . 0 w, w, w; - . . w,
0 0 w w -1
W
0 0 w

if ng<ny, (55)
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where the w,’s belong to C and can vary freely from block to block under the
restriction that S has to be invertible.

Now let {(S/B—/B)=1({,v), and let ’b* belong to the submatrix /B(k, [),
(k, l)EI(IA B). Replace S,(I,1) in S by gk(l D=8y~ 1, . If the new
matrix $ is agam in Gl(n), then we have automatically SE Stab(]A) and
§/B =SB — B, where

0 if (i,4)=(k, 1),
'B(k,ly if (i,j)=(k,1).

This implies w($'B) =< w(!B)= w(B), contradicting (5.3). If on the other hand
S¢& Gl(n), then we define

B(i, )=

L B}Jbgqco
v: Ty

and replace Si(I, j), j=1,...,t, in S by

(e (1+v)8(L, 5) if j=1
ED={ s -1, # j=1L

Then we have $& Stab(’A) and

B(i,j) if (i,j)=(k.1),
B(i,j) i (i,5)=(k,1),

where b(k, 1) ='b(k, 1)/ if j=1,...,t ~ 1 and

(§'B)(i, ) = {

bk, 1)) if L1,

. - 1
bk 1) {0 if i=¢.

Hence again w(9B) < w(’B)= w(B), contradicting (5.3). Summarizing, we
have shown that S’ B> . IB for all S € Stab(’A) for which $’B fulfills (5.1). =

For the explicit characterization of Jordan canonical pairs (‘A,’B) we
need some more notation. Let

w(A)={(i,n):ics A je )
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and
w(A,b) = (i, ) € (A): b(i, ) = 0)

be two index sets defined by

where
My = Mg = =Ny > Ny
nijl Mij+17= 77" ni] -1~ niiz
nij1i= nij1,+l = .. == n”i‘

We further associate to every pair (A, b)€ X, the index lists ({,) and (p,),
v € I(A), defined by

{ij: =1(b(i,§)) and P = nij_gij‘

LemMa 5.2. A pair (A, b) is in JCF if and only if A is in JCF and the
following conditions hold:

(@) b(i, )=0, for (i, )& u(A,b),
0

(i) b(i, jy= 1 <, for (i, ) € u(A, b),

0
(iii) For (i, j),(i, k) € (A, b)

i<k = gij>§ik and Pi; = Pik

(i.e., the numbers of zeros above 1 and below 1 both decrease if jincreases).
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Proof. Assume that (A, b) is in Jordan canonical form and consider a
typical subcolumn

b(i, py)
b(i,p, +1)
. =0
b(i’ Mrs1 ™ 1)

of b. Without loss of generality we can assume b(i, n;)* 0. Let S=(5,,...,
S,) € Stab(’A) with

(i) S, the identity matrix for » = i,

(i) S;(4 = In”_ for j€t; and j= uy,
0

(iii) S(pp, )by p)= | 1| < U(b(i, my ),

0
(iv) S;(j m)b(i, p)= = b(i, plor j=p + 1. — 1,
(v) Si(», j)= 0 elsewhere.

Condition (iv) can be achieved because S,(j ;) is square for j=pu; +1,...,
L, — 1. We obtain

(Sh)(i, pe +§)=0

for

j=Looper— i —1 and  (Sh)(i,p) = |1

0

Finally, if (i, k) € p(A, B)3 (4, j), k> j but {;; < {; or p;; < py., then there
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exists a matrix S,(j k) of the form (5.4) or (5.5) such that
(S,(j. k)b(i, k)+b(i,f));,=0.

Thus we have shown that the conditions (i)-(iii) are necessary for (‘A, b) to
be in Jordan canonical form.

Assume conversely that (i)—(iii) hold for (‘A, b). The normalizability
condition (5.2) is fulfilled because every b(i, j) is either 0 or a C" unit vector.
It remains to show that b < b for all bE% 4,5 With (5.2). Consider any

subcolumn (Sb)(i, p,), S € Stab(’A). Because of condition (i) of Lemma 5.2,
li
(Sb)(t’ p‘k) = Z Si(p‘k’ p‘j)b(i’ p‘j)'

ji=1

Condition (iii) of Lemma 5.2 implies
WS mblisp))) <Cu  forall (i,f)€p(A,B) with j=k.

Hence I(Sb(i, ) = I(S;(1ty, 2D (i, ) = §ii- But (Sb(4, p.); = 1; hence We
obtain (Sb)(4, p;) = b(i, u,) for all (4, k) € p(A, b) or equivalently (Sb)

forall S Stab(’A) for which Sb fulfills (5.2). [

As an immediate consequence of Lemma 5.2 we obtain that the action
Stab(JA)x I, | = M, , has finitely many orbits. Every orbit § , 5 is
completely determmed by the list of indices

(f) = (gij)(,',j) € n(A) = (l(]b(i’ j)))(i,j) €u(A)’ (56)

The number of l-entries in the blocks b(i), i=1,...,s, is restricted by
condition (iii) of Lemma 5.2. However, the following example shows that,
opposite to the result of Byrnes and Gauger, there exist canonical vectors /b
with more than one nonzero l-entry in the blocks b(i), i € s.

ExampLE 5.3. Let (A, b)€ 2, be in Jordan canonical form:

= ](>\1,4)@](>\1,2)@](}\1,1),
f"'(A) = ((1’1)’(1>2)7(1:3)>'
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(a) Assume p(A, b)={(1,1),(1,2)}, i.e. b(1,1)= 0 #= b(1,2). From condi-
tion (iii) of Lemma 5.2, {; > {5 > {;; — 2. Hence the possible {-lists are
(3,2,0) and (2,1,0). The associated canonical b-vectors are

(0010 01 0)" and (0100 10 0).

(b) Assume u(A, b)={(1,1),(1,3)}, i.e. b(1,1)= 0 = b(1,3). From condi-
tion (iii) of Lemma 5.2, {;, > {3 = 1> {|; — 3. The possible {-lists are (3,0,1)
and (2,0,1), and the associated canonical b-vectors are

(0010 00 1)" and (0100 00 1)".

(¢) Assume p(A, B)={(1,2),(1,3)}, i.e. b(1,2)= b(1,3). From condition
(iii) of Lemma 5.2, {;3>§,,=1>{,— 1. This is not possible, because
{p< 2.

(d) Assume p(A, b)=(A), ie. b(1, )= 0 for j=1,2,3. From condition
(iii) of Lemma 5.2, {5 >1>{,,~1. This is again not possible, because
{la<2

(e) Assume p(A,b)={(1,1)), ie. b(1,1)*0. From condition (iii) of
Lemma 5.2, §{,; > 0. Hence the possible {lists are (1,0,0),(2,0,0),
(3,0,0),(4,0,0), and the associated canonical b-vectors are

(1000 00 0)", (0100 00 0)”,

(0010 00 0)", (0001 00 0)".

Table 1 gives a complete description of the orbit space of the action
Stab('A)x I, | = M, | for /A = JA . )@J(A,2)©J(A,, 1),

We close this section with an extension of Lemma 5.2 to multivariable
pairs (A, B) (m > 1) for which the Jordan canonical form /A is a Jordan block
J(A, n).

Let ,G be the group of all n X n matrices S(w,,...,w,) of the form

Wy Wy . . . w

0

n

Wo
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TABLE 1
p('A'b) ) b

@ (0,0,0) (0000 00 O)T
{1, by (1,0,0) (1000 00 0O
(2,0,0) (0100 00 O)T
(3,0,0) (0010 00 0)7
(4,0,0) (0001 00 O)F
(L2 (0,1,0) 0000 10 0)7
(0,2,0) (0000 01 O)T
{(1,3) (0,0,1) {0000 00 1)F
{(1,1),(1,2) (3,2,0) (0010 01 0)F
(2,1,0) (0100 10 0)F
{1, 1),(1,3) (2,0,1) (0100 00 1YY
(3,0,1) (0010 00 1Y

Modifying the echelon forms of Section 2, we obtain canonical G row

echelon matrices of the form

for the orbits of the action

nG X %n,m -

o --- 0 = --- x|0 *

. . 1o
*

0 0
0 1 = *
0 0 0 0| = *
0 - 0 * *
0 0 0 0
0 . . 0
0 . . 0
0 00 --- 0 O 0

m

n,m?

* OO QD

*

O * # *

* . x ’ O * P *

* * .

0 0 = «x tj
(S, B)~ SB (5.7)
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More precisely, we associate to B € C* ™ two index lists ({) and (vy) defined
by

vy =min{i € n: l(b') > 0}
y;=min{i € n: (b)) > U(bI7Y)}, §;=1U(bY)  for j>1,
and obtain:

LeEmMa 5.4. Every orbit S5 of the action (5.7) contains exactly one
element *B of the form [*B(1), *B(2),...,*B(r)] with

&1

-

P o R R e NP

Yi T Yi-1

§i— it

*B(i) = = R (5.8)
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Proof. Without loss of generality we can assume b!=0. Then there
exists a matrix S € G such that

Assume b',...,b% ! is already in the form (5.8). Let S(w,,...,w,) €,G with
w =1, wj=0for i=2,....§4-1-§,+1,....,nand §q_l-+-1,...,§q such that

W w1 e
0 . bfy‘,_ﬁ 1 bil
- S b
0 . . . 0 w§q-1+l ‘s o

This is possible because b7 = (. We obtain S(b%)= bl for j=1,. —1and

(Sb™),=0fori=1,....,5,—¢_, ¢ +1,...,n. Hence b',. b7 fu]hlls (5.8).
Uniqueness: Assume the orbit 8, contams two elements Band B=SB of

the form (5.8). Then b = S(b") 1mphes w,=1and w, = v =wp =0,
and hence b= S(b%) for f=v- Y2 — 1. But B’Z*O* b}ﬂ together with
bY2 b*2 for j=1,...,{, =& implies w; 3 =:++=w,, =0 and 572 b72
for j= §' o — &+ 1. §' ,- Continuing this way, we obtain SB= B, l

The following corollary is immediate from the uniqueness part of the proof
of Lemma 5.4.

COROLLARY 5.5. A matrix S(wy,...,w,) belongs to the stabilizer group of
*B if and only if v, =1 and w;= 0 for j=2,...,{*, where {*= max,e,n{l

Because Stab(J(A,n))=,G forall A €C and n €N, and $*b < *b for all

S €,G, we obtain that the pairs (J(A, n), *B) are Jordan canonical palrs in the
sense of Theorem 5.1.

ExampLE 5.6. The possible (1,0,*) configurations for row echelon
matrices *B € €33 are shown in Table 2. The @ -entries denote nonvanishing
parameters.
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TABLE 2

000 1 = =« 1 =0 1 =0 1 0 =
000 000 00 e 000 0 @ =
000 000 000 00 00

1 00 1 0 = * 0 = *
0 @ = 0 = 1 = = 1 = = 1 = =
00e 0 & = 0 @ @ =
0 * =* 01 = 010 010 0 0 =*
0 = = 00 000 000 01 =

o
ot
*
)
]
»
o
o
o
]
o
ot
]
o
o

4. JORDAN CONTROL CANONICAL FORMS FOR X |

Another possibility for generating canonical forms for the similarity action
on arbitrary, not necessarily reachable, pairs (A, ByE 2,  is to combine the
procedure applied in the reachable case with the Jordan canonical form. For
this a nice basis of the reachability subspace R.: = spanc[B AB --- A" !B],
dim®% =:n,, is extended to a complete basis of the state space C" such that
in the associated Kalman decomposition of (A, B)

Fae e

(A,, B;) is in control canonical form, A, in Jordan canonical form, and A,
somehow canonically fixed with a few parameters.

Let (A,B)eZ .., C be a nice order on aXm, and ¢ be the nice
selection generated by C and (A, B). Let (A(0), By(0)) be the o-canonical
form for the pair (A, B;) in the decomposition (4.1).
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TuEOREM 6.1. For every pair (A,B)EZ, , and nice order T there
exists exactly one element (°A,°B) € S( 4, ) With the following properties:
(a) (°A,°B) is of the form

([A‘(()o) j:i],[B‘f)")]); (6.2)
(b) we have

p(‘a’)=1 for i=n_+1,...,n; (6.3)
(¢) we have

(°A,°B) < (4, B) (6.4)

for all (A, B) e (4, By of the form (8.2) with the property (6.3).

Proof. Let A denote the induced C-linear map A:C"/R - C"/®R,, and
let

J(A)=

D -

i

1

¢,
® I(X,.7,)
j=1

be the Jordan canonical form of A. Extending the nice o-basis of R by
“cyclic” representatives (A — A,)™™ "z

ip v=1,...,7

K . of the classes (A—
) 2, jofaCr/ %, Jordan basis, we obtain a representation of the form

Al(") A,
0 IT

(6.5)
for A, where the n, X @;; submatrices Ay(A, 7 ;) of A, corresponding to the
Jordan blocks J(A;, ;) are of the form

*

? O"r x(11;;— 1)

: (66)
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The *’s denote the coordinates of (A — A)%iiz, i€ % with respect to the nice
o-basis of R.. Multiplying the generators z,; of the Jordan blocks J(A;, ;) with
suitable constants S, ;EC, we can normalize the leading coordinates in the

_ A

(*)-columns of Ay(A;, ;). Hence the resulting columns of ( ]i) fulfill the
A

normalizability condition (6.3). .
 Let now O, denote the set of all A€ C"*" for which there exists a
Be C™*™ such that (A, BYE &, g, A is of the form (6.5), and A, is of the
form (6.6) with the leading coordinates in the (*)columns normalized to 1.
Define

w*=min{w(A4,): A€0,}. (6.7)

A, <A, VAe€O0,. (6.8)

Assume there exists a matrix A € O, with A, < A,. Let A= H™'AH. The

first n, columns in H coincide with the first unit vectors el,...,e" of C". This
is due to the fact that the stabilizer group for the pair (A,(0), By(0)) is trivial
({1,,,)). Let now

t: =min{jE n: &'+ @},
e'—ht=(A-A)"(ef—h*),

and e —hi=(A—N)(e*—h*) fori=0,...,p.

Assume ¢ —h' & [e':i€n A i*t]c. Replacing h", i=0,...,p, in H=
(KL,...,h") by (e"— h"), we obtain a new matrix H€ GL(n). This can be
shown as follows: assume there exists a linear combination X'_, a,h' = 0 and
not all , are zero. Linear independence of {e: i €n A i & (7,,...,1,}) implies
that 7, = max{r € {ry,...,7,}: a, = 0} exists. But from h’* = (A — M(e® — h*)
=(1/e,)L,., a;h' we conclude that (A —A)P(e’ —h’)=(e' - h')E[e" i
€n A i&{%,....1,)]¢, contradicting our assumption. Finally, by construc-
tion we have w(d@' — @') < w(d"), and multiplying e’ — h* by a suitable con-
stant B, € C, we obtain H™'AHe O, with w((H 'AH),) < w*, contradicting
(6.7).
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If on the other hand e’ — h' € [e';i€n A i=t]., we proceed as follows.
Define

- (d’)a
(@)o=(d)s

a:=max{ji(a);*(a);}), v:=
ht:=e'+ y(e' — ht).

Replacing €™, i =0,...,p, by hi=(A—A) [e°—y(e® — b)), we obtain as
before a new element H of Gl(n). Because @ + y(d@ — 4') < @ and (A — AR
€ R, we have H'AHe O, with w((H 'AH),) < w(A,) = w*.
Finally, let P_ be the (n—n,)X(n—n,) pecrmutation matrix such that
J(A)=P_’AP7, (see Section 4). Define
°B. = [Bl(o)]
0

(°A,°B) is similar to (A, B) and fulfills conditions (a) and (b) of the theorem.
It remains to show condition (c). Assume there exists a pair (A Be S( a8 of
the form (6.2) fulfilling (6.3) with A < °A. Then we have (A ) < L(A). But

A, and J(A) are similar and J (A), is ‘the normalized minimal element in of
(see Theorem 4.2). Hence A J.(A), and we necessanly have A < A,. But

A, and °A, are of such a form [see (6.6)] that A, < A, implies A P < ‘A P
= A,. This contradicts (6.8). [ ]

Al(f’) AzPZ
o J(A))

CA,

Pairs (A, By 2, , fulfilling the properties (6.2)-(6.4) are called o-canon-
ical. The following corollary is an immediate consequence of the proof of
Theorem 6.1.

CoroLLary 6.2. A o-canonical pair (A, B)EZ, . has the following
properties:

(a) A is of form

Al((’) A~2

o (A (69)
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(b) A~2();., ;) is of the form

*
10,0, .5 |- (6.10)

Here A~2()\_i~, ;1) denotes the n, X 7, j submatrix of A, corresponding to the
submatrix J(A;, 7, ;)= P_ J(A;, ﬁij)PZ of I.(A).

ExampLE 6.3. Let

o 0 0 0 1
- 1
A= 6 2 2 3 and b= 3 ,
3 -1 1 0 1
3 -3 6 -2 0
1 1
R = spang [b, Ab] = span, :i' , %
6 0

There exists only one nice order C on 4X 1. H=[b Ab e* e'] brings (A, B)
into “partial” canonical form:

Wl o~

H'AH =

COIO -

W= p

o W
~—

det A = (s + 1) The set of admissible Jordan generators bringing (



CANONICAL FORMS FOR LINEAR SYSTEMS 471
into Jordan canonical form is
¢ ={xeC*:b, Ab,x,[ A — ( — 1)1,] x linearly independent)
={xeC*x,=3x,)
Minimizing the nonzero entries in
(A+1L)x=(x,+xg, %, +2x, — §x3,O,O)T

with respect to <, we obtain the condition x,=j3x;— 2x,. The first

c
component in (A + I,)% then is $x, — x,. But this component cannot be
canceled, because x € J. Let ¥€{x €C*:x;= —x, A ix,—x,=1) for
example ¥=(1 0 3 0)’. We obtain the desired canonical form with the
similarity transformation H =[b Ab (A + I,)% i]:

0 0 1 0 1
Huan=|1_-1__0_ 0]  pap |0
0 0 -1 1 0
0 0 0 -1 OJ
ExampLE 6.4. Let
0 0 -1 a 0 1 0 O
0 -1 0 B 0 01 0
A=1{0 0 -1 1 0 and B= (_)_(_)_1
0 0 0 -1 1 0 0 0
0 0 0 0 -1 0O 0 0

A and B are canonical for the Kronecker order » and every value of « and 8.
This is an immediate consequence of the fact that for this example we have
§={(xeC% x5 =0), det(s — A)A=(s+1)2 and (ch A)x =
(axg, Bxg, x4,0,0)7.

Remark 6.5. The conditions (6.9) and (6.10) of Corollary 6.2 are not
sufficient for a pair (A, B) to be canonical. Not every (*) in the first columns
of the Ay(A;, 7 )-submatrices is a free parameter. The order ( <) fixes zero

C
entries below the leading 1-coordinates of these columns. Hence the invariants
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associated to the A, part of “A are given by a family of monic polynomials
(flrercap, f=Ff ™'+ +f7eC[s],

£ =ag(Nom) ., k=0,..n,—1.

k+1° v

The polynomials f* depend on J(A|%R) or Spec(A|R). If for example
Spec(A]@u)ﬂSpec(A) @, then we have f* = 0 for all » € I(A), because the
maps (A — A,)"1: R — R are bijective. ‘A, = 0, i.e., there exists a direct-sum
decomposition of the state space C" = @l@ %5, such that the system (A, B) is
a direct sum of the reachable subsystem (A|: R — ¢, B:C™ — @) and a free
system (AJ:|F — %,0). In the general case the parameters of °A, depend on
the relation between the prefixed nice basis and the Jordan basis of (R, A).
An explicit characterization of the canonical pairs (°A,°B) solely in terms of
the matrices itself is still missing. Some more detailed information about the
number of free parameters in “A,, a second canonical form (, A, B) closely
related to (°A,°B), and the state-space decomposition associated to this form
(.A,.B) are contained in [11].
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